We provide upper bound on the maximal rate at which irreversible quantum dynamics can generate entanglement in a bipartite system. The generator of irreversible dynamics consists of a Hamiltonian and dissipative terms in Lindblad form. The relative entropy of entanglement is chosen as a measure of entanglement in an ancilla-free system. We provide an upper bound on the entangling rate which has a lnarithmic dependence on a dimension of a smaller system in a bipartite cut. We also investigate the rate of change of quantum mutual information in an ancilla-assisted system and provide an upper bound independent of dimension of ancillas.
INTRODUCTION
The problem addressed in this paper is, given some Hamiltonian and dissipative interactions between two or more subsystems, what is the maximal rate at which an entanglement can be generated in time. The problem of upper bounding the entangling rate is called small incremental entangling. See the next section for precise definition.
The same question for closed bipartite system evolving under a unitary dynamics was answered by Bravyi in [1] and by Acoleyen et al. in [2] and Audenaert [3] for the general case in the presence of ancillas. Let us say that two parties, Alice and Bob, have access to systems A and B respectively together with ancilla systems a and b respectively. The system starts in a pure state |Ψ aABb and evolves according to a Hamiltonian H AB that acts only on systems A and B. Since the state of a system |Ψ(t) aABb = exp{itH AB } |Ψ aABb stays pure, one may calculate the entanglement entropy as a measure of entanglement in a bipartite cut between Alice's aA and Bob's systems Bb, E(t) = −Tr(ρ aA (t) ln ρ aA (t)), where ρ aA (t) = Tr Bb |Ψ(t) Ψ(t)| aABb . The entangling rate is a time derivative of the entanglement entropy at time t = 0, Γ(Ψ, H) = dE(ρ(t))/dt| t=0 . The small incremental entangling problem aims at finding an upper bound on the maximal entangling rate Γ(H) = sup |Ψ aABb Γ(Ψ, H) that is independent of dimensions of ancillas and the initial state |Ψ aABb . The problem of maximizing the entangling rate of a bipartite system in the presence of ancillas evolving under unitary dynamics was studied by many authors.
In a case when A and B are qubits, Childs et al [4] gave upper bounds for an entangling rate and showed that they are independent of ancillas a and b. Wang and Sanders [5] considered systems A, B and ancillas of arbitrary dimensions and proved that the entangling rate is upper bounded by Γ(H) ≤ β ≈ 1.9123, for a self-inverse product Hamiltonian. Bravyi [1] proved that in a general case with no ancillas the entangling rate is bounded
is the smallest dimension of the interacting subsystems and c is a constant close to 1. For an arbitrary bipartite Hamiltonian Bennett et al [6] proved that the upper bound on the ancilla-assisted entanglement is independent of the ancilla dimensions Γ(H) ≤ cd 4 H , where c does not depend on a or b. The bound was improved by Lieb and Vershynina [7] providing an upper bound Γ(H) ≤ 4 H d for an arbitrary Hamiltonian in ancilla-assisted system. Finally the question was answered by Acoleyen et al. in [2] arriving at Γ(H) ≤ 18 H ln d. Few months later an independent proof was presented by Audenaert [3] that gives an upper bound Γ(H) ≤ 8 H ln d. The bound with lnarithmic dependence is optimal, since one can find a particular Hamiltonian H AB for which they there is an equality. See Marien et al. [8] for a detailed review on the entangling rates for bipartite closed systems.
In this paper we go further by considering open systems evolving under irreversible dynamics and aim to provide an upper bound on the entangling rate of a bipartite system. The behavior of entanglement under non-unitary evolution was first studied by Rajagopal and Rendell [9] and Zyczkowski et al [10] . Rajagopal and Rendell studied a dynamic evolution of a pair of initially entangled harmonic oscillators in the presence of local environments. Zyczkowski et al considered a bipartite system consisting of two spin-1/2 particles, one of which is subjected to periodic actions of a quantum channel representing the interaction with environment, and the whole system undergoes a sequence of global unitary evolutions. Both papers found that the entanglement may exhibit revivals in time and that it might vanish at finite times. For further research on revival of entanglement and its collapse see, for example, [11] - [13] . Another motivation to study entanglement rate problem in open system arises from investigation of production and robustness of entanglement in open systems, see, for example, [14] , [15] . See [16] for a comprehensive review of the study of dynamics of entanglement in open systems.
To investigate the entangling rate in an open system we can not consider an entropy of entanglement as an entanglement measure, since for a system starting in a pure state and evolving under non-unitary evolution a time-dependent state may no longer stay pure.
To quantify the entanglement in ancilla-free system we take the relative entropy of entanglement, which reduces to the entropy of entanglement on pure states. We derive an upper bound on the entangling rate that has a lnarithmic dependence on the dimension of a smallest system, as it was in the case of a unitary dynamics. These result rises a question of finding a class of entanglement measures for which the same holds true together with another question whether the same bound can be derived in the ancilla-assisted case.
In ancilla-assisted system we consider quantum mutual informal and provide an upper bound on its derivative that is independent of ancillas.
The paper is organized as follows: in Section 2 we discuss a state evolution in an open system, talk about entanglement measures, describe the small incremental entangling problem in a closed system and conjecture the problem for the open system. In Section 3 we provide an upper bound on the entangling rate for a relative entropy of entanglement in ancilla-free system that has lnarithmic dependence on the smaller system. In Section 4 we derive an upper bound on the derivative of quantum mutual information in ancilla-assisted system.
PRELIMINARIES
Suppose that two parties, say Alice and Bob, have control over systems A and B. In ancilla-assisted entangling both parties have access to additional subsystems, called local ancillas, i.e. Alice is in control of two systems A and a and Bob is in control of B and b.
Alice and Bob start with a pure state ρ aABb (0) = |Ψ Ψ| aABb . A time dependent joint state of Alice and Bob ρ(t) satisfies the following differential equation
The generator of the dynamics L AB acts only on systems A and B, and consists of both Hamiltonian part H AB and a dissipative part in Lindblad form with operators L AB and takes the following form [17] 
Here H AB , {L AB α } α are bounded linear operators and H AB is also Hermitian. We will be dropping the (sub) superscription notation AB throughout the paper for easier notation when it is clear from the context which systems an operator acts on.
We are going to consider entanglement measure E(·) that satisfy the following assumptions:
1. E vanishes on product states 2. E is invariant under local unitary operations 3. E can not increase under LOCC operations 4. for any ρ we have
is the maximally entangled state shared between two parties.
There are several entanglement measures that satisfy these conditions. In this paper we will focus on entanglement measures that reduce to the entropy of entanglement on pure states
In case of a unitary dynamics, i.e. L α = 0 for all α, the total change of entanglement though time is no more than 2 ln d with d = min{d A , d B }, see [6] , [8] . Property 4 of the entanglement measure plays a significant role in the bound of the total change of entanglement. In the case of irreversible dynamics the total change of entanglement depends on the measure of entanglement and it is unknown for many measures. For example, a relative entropy of entanglement (see definition in (4)) gives an trivial bound of 4 ln D with D = min{d aA , d Bb }, and negativity N gives a linear bound in d aA or d Bb , see Tiersch et al. [18] .
A unitary case gave motivation to derive a bound on an instantaneous rate of change of the entanglement. This problem is formulated using the entangling rate. The case of a unitary dynamics entangling rate is defined as
For a system evolving according to a unitary evolution the following theorem was conjectured in [1] and was first proved in [2] .
For a system evolving according to a Hamiltonian H AB there exists a constant c such that the entangling rate is bounded above by
where c is independent of the dimensions of systems A and B, ancillas a, b, the Hamiltonian H AB and the initial state |Ψ .
The upper bound on the maximal entangling rate was investigated in many papers [1] , [4] - [7] and was first proved in [2] with a different proof provided in [3] , see also [8] for detailed review of this case.
We ask the same question for a system evolving under an irreversible dynamics (1) . In general case an entanglement measure may not be differentiable. Define the entangling rate for time interval ∆t > 0 as
In case when the entanglement measure is differentiable, the entangling rate is defined as
Similar to a system evolved under unitary evolution we are looking for the upper bound on entangling rate that is independent of ancillas and has a proper dependence on dimension of systems
For which entanglement measures there exists a constant c and a non-negative nondecreasing function f (·) such that for any ǫ > 0 there exists δ > 0 such that for any ∆t < δ the entangling rate is bounded above by
where c is independent of the dimensions of systems A, B, ancillas a, b, the generator L and the initial state |Ψ aABb .
Note that the intuitive argument to consider the open system dynamics on system AB as a part of the unitary dynamics on the bigger system ABE doesn't work in this case, because there is no bound of the type L AB ≥ C F ABE with C > 0 being independent of the generator L AB and the induced Hamiltonian F ABE . The bound of this type does not exist because in a case when L AB ≡ 0 (H = I, L α ≡ 0) and F ABE = I ABE constant C must be zero.
We answer Small Incremental Entangling question for the relative entropy of entanglement in an ancilla-free case and for the quantum mutual information in ancillaassisted system. The relative entropy of entanglement [19] of a state ρ(t) is given by
where σ = j α j σ A (j) ⊗ σ B (j) with j α j = 1 is a separable state between Alice and Bob's systems. For pure states ρ := ρ(0) = |Ψ Ψ| the relative entropy of entanglement is an entropy of entanglement of this state [19] .
In this section we prove the following theorem.
Theorem 2. For any ǫ > 0 there exists δ > 0 such that for any ∆t < δ the entangling rate for the relative entropy of entanglement has the following upper bound
First, let us look closely on the relative entropy of entanglement for pure states. Let state |Ψ have Schmidt decomposition
Then the relative entropy of entanglement is achieved by a state [19] 
Proposition 1. For states ρ = |Ψ Ψ| and σ 0 defined in (5) and (6) respectively, there exists a mixed state µ such that
Proof. The statement of the proposition is equivalent to inequality
which in turn is equivalent to inequality
The last inequality is equivalent to a statement that for any state, which can be written as |Ω = nk √ α nk |φ n |ψ k , the expectation value of the observable Z is positive, i.e.
Since a function f (x) = x 2 is convex, we have that for any x n , n = 1, ..., d,
Taking x n = √ p n α nn in the above inequality we arrive at inequality (8) , which in turn gives (7), proving the proposition.
Now we are ready to prove Theorem 2.
Proof. The relative entropy of entanglement of a state ρ(t = 0) at time zero is the relative entropy of that state
, where σ 0 is defined in (6) . For any time t we have that D(ρ(t)) ≤ D(ρ(t)||σ 0 ). Therefore for any ǫ > 0 there exists δ > 0 such that for any ∆t < δ
The derivative of the relative entropy D(ρ(t)||σ 0 ) can be calculated as follows
Here for the first equality we used that Tr(ρ(t)| t=0 ) = Tr(L(ρ)) = 0, which can be seen from the expression of the Lindbladian generator (2) and the cyclicity of a trace.
For the third equality we denoted p := 1/d. Note that the third term in the last equality is a complex conjugate of the second one
where X := pρ, Y := σ 0 = pρ + (1 − p)µ according to Proposition 1. The fourth term can be brought in the following form, for any 0 < p we have
where TrX = p, TrY = 1 and 0 ≤ X ≤ Y. Consider two terms (10) and (11) separately. 1. Term (10) is linear in H, so we may pull out the norm H , then the term becomes exactly the one that arises in a unitary case
for P = 1, TrX = p, TrY = 1 and 0 ≤ X ≤ Y. Acording to [3] the following upper bound holds 
2. Pulling out the norms of L α term (11) becomes
with L = 1, TrX = p, TrY = 1 and 0 ≤ X ≤ Y . Any operator can be written as a sum of hermitian and anti-hermitian parts, letL
where 0 ≤P ≤ I denotes either P or R. Expression |Tr(P [Q, ln Y ])| is similar to the expression of the entangling rate for a unitary dynamics (12) , which allows us to follow the argument presented in [2] to obtain an upper bound on this type of expressions. For completeness sake we present a full analysis here, which globally resembles an argument in [2] , but since Q = LX is not even Hermitian some details need to be different in order to derive an upper bound. In the future we will drop tilde aboveL in expression for Q.
Let y j denote the eigenvalues of Y in decreasing order 1 ≥ y 1 ≥ y 2 ≥ ... ≥ y N ≥ 0 with corresponding eigenstate |φ j . Denote the matrix elements of Q in this eigenbasis as Q ij = φ i | Q |φ j , similarly define the matrix elements of P as P ij = φ i | P |φ j . Then
Group the eigenvalues of Y in the following intervals
Some of the intervals can be empty, in this case then n k−1 = n k . Now rearrange the sum (14) in the following way, for λ j ∈ (n k−1 , n k )
The first two lines contain sums that run over the one or two consequent intervals in (15) . The sum on the last line runs over pairs that are separated by at least one interval in (15) . The sums in the first line (16) can be calculated in the following way. Let us bound, for example, the first sum
Here we wrote out operator L = 2P − I + i(2R − I) as a sum of hermitian and anti-hermitian parts and denoted a Hermitian operator T as either operator P or R. We also added a zero term by scalingỸ . Tilde above an operator denote a restriction of this operator on a space spanned by eigenstates |φ j for j = 1, ..., n 2 . The first term in (19) is bounded by
Here for the first inequality we used the fact that for any Hermitian operator A
For the second inequality we used Kittaneh inequality [20] Here for the equality we denoted W := lnỸ ymin / lnỸ ymin . Since W = 1, we used equality (20) for the second inequality, since WPT ≤ 1 and P WT ≤ 1. Therefore line (16) can be bounded above by
Line (17) can be bounded in a similar fashion. The first term, for example, gets a bound
Therefore the whole second line (17) can be bounded by
To bound the last line (18) define
Here for the first inequality we used Cauchy-Schwarz inequality. For the second inequality we used that
Since 0 ≤ P ≤ I, we have that 0 ≤ P 2 ≤ I and therefore for every i we have 1
Using i y i = TrY = 1 we continue calculations
Considering each trace separately, recall that
The second term in (24) can be estimated in the following way
where
where λ j (A) is j-th eigenvalue of operator A and
Here we used the fact that A and P 1/2 AP −1/2 have same eigenvalues for any P since they have the same characteristic polynomial. Therefore writing out B † B we obtain
here we used that
Combining bounds (21)-(25) all lines (16)- (18) in sum (14) are bounded above by the following expression
where p = 1/d. Using this bound together with (13), entangling rate (9) is therefore bounded above by
Note that in the ancilla-free system if all Lindblad operators L α vanish, i.e. in the case of unitary evolution, Theorem 2 reduces to Theorem 1 with constant c = 4. This constant comes from the use of a general bound provided by Acoleyen [2] , which is called a small incremental mixing: for two states ρ 1 and ρ 2 , any 0 ≤ p ≤ 1, and any Hamiltonian H the following bound holds Tr(H[pρ 1 , ln(pρ 1 + (1 − p)ρ 2 )]) ≤ −2 p ln p + (1 − p) ln(1 − p) . We used this bound in (13) with p = 1/d to derive Tr(H[ρ AB , ln σ 0 ]) ≤ 4 ln d H . If we consider relative entropy of entanglement in the presence of ancillas we would have 1/p = min{d aA , d Bb }, which depends on the dimension of ancillas. In ancilla assisted case small incremental mixing problem proves small incremental entangling problem with four times bigger constant, i.e. c = 8. Our "improvement" of the constant came from the fact that we consider ancilla-free system. The best known constant for the ancilla-free system was given by Bravyi [1] , which is close to one. We could have used this bound instead of (13), but we chose not to since no precise expression of this constant was given.
QUANTUM MUTUAL INFORMATION
As a measure of correlations between Alice's and Bob's systems one may calculate quantum mutual information between these two systems. The quantum mutual information of a state ρ aABb in a bipartite cut Alice−Bob is as follows:
I(aA; Bb) ρ = S(ρ aA ) + S(ρ Bb ) − S(ρ aABb ) = D(ρ aABb ||ρ aA ⊗ ρ Bb ).
Since mutual information is differentiable one may investigate the rate of change of quantum mutual information for system evolving according to the irreversible evolution (1).
Theorem 3. For a system starting in pure state ρ aABb = |Ψ Ψ| aABb and evolving according to evolution (1) the following inequality holds + Tr(ρ aABb (t)| t=0 ln ρ aABb ).
